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We propose an experimental setup for the implementation of weak measurements in the context of 
the gedankenexperiment known as Hardy's Paradox. As Aharonov et al. showed, these weak values 
form a language with which the paradox can be resolved. Our analysis shows that this language is 
indeed consistent and experimentally testable. It also reveals exactly how a combination of weak 
values can give rise to an apparently paradoxical result. 



PACS numbers: 03.65. Ta., 03.67.-a 
I. INTRODUCTION 

Hardy's paradox, introduced in 1992 [1], is a strong 
proof of non-locality in quantum mechanics. It has been 
generalized as a test of non-locality by Hardy in a later 
paper [2] and has subsequently been tested using pho- 
tons [3,4]. A decade after the original paper, Aharonov 
et al. [5] published an analysis of the original paradox 
from the perspective of weak values. Weak measure- 
ments, in which such values arise, are a generalization of 
the quantum mechanical measurement process including 
uncertain pointer positions, and were first introduced by 
Aharonov, Albert and Vaidman (AAV) in 1988 [6]. Using 
these weak values, the authors of [5] are able to recast 
the counterfactual statements of the paradox in a more 
consistent language. The aim of our paper is to suggest 
a feasible implementation of these weak measurements. 
In doing so we also reveal more clearly how these weak 
values give rise to a seemingly paradoxical outcome. 

II. HARDY'S PARADOX 

In Hardy's original setup, an electron and a positron 
each traverse a Mach-Zehnder interferometer. The two 
interferometers interleave in such a way that with a prob- 
ability of ^ the two particles can be found at the same 
position and thus annihilate. The setup can be seen in 
Fig. 1. Hardy then proceeds to calculate the combined 
states of the particles after they have left the interferom- 
eters for four different cases: 
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FIG. 1. The original setup of Hardy's paradox. It com- 
prises two interleaving Mach-Zehnder interferometers, tra- 
versed simultaneously by a positron and an electron respec- 
tively, and arranged in such a way that two arms overlap. As 
a result the electron and positron cannot both travel through 
the overlapping arm of the respective interferometer without 
annihilating. The removal of any one or both the final beam- 
splitters in this setup leads to paradoxical results which serve 
as a proof of quantum mechanical non-locality. 

The final two-particle states for the four cases are: 

l*l> = ^[-2|7)-3|c+)|c->+^|c+)M-) 

+^\d+)\c-)-\d+)\d-)] (1) 



1*2) = ^[-^l7> - \c+)\c-)+^\c^)\d-) + 2^\d+)\c-)] 

(2) 



1. The second (reunifying) beamsplitters are present 
in both interferometers, i.e. both interferometers 
are complete. 

2. The positron's second beamsplitter is absent, the 
electron's is present. 

3. The electron's second beamsplitter is absent, the 
positron's is present. 

4. Both second beamsplitters are absent. 



1*3) = ^[-^^l7> - Ic+)|c-) + 2^\c+)\d-)+^\d+)\c-)] 

(3) 



1*4) = -[-b)+^\cnd-)+^\d+)\cn + \d+)\d-)] (4) 

where |c^) and \d^) denote the different exit path 
states respectively, of the positron (-I-) and electron (-) 
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from the interferometers, and 7 denotes the annihilation 
event. 

If locahty is assumed, then, as Hardy argues, the result 
of a measurement on one particle should not depend on 
the choice of measurement for another particle. Thus one 
can construct the quantities C^(0) and D^{oo) which 
both take values of either one or zero and thus denote 
the events of measuring a particle (= 1) or not (= 0) for 
exit path states |c) and \d) of the electron and positron. 
The values of and 00 indicate whether the beamsplit- 
ters are present (0) or have been removed (00). Thus the 
following argument can be made: 

From equation 4 it follows that: 



C+(oo)C-(oo) =0 
Whereas equation 3 and 2 imply: 

D+{0) = 1 ^ C-(oo) = 1 



(5) 



(6) 



In [5] the authors calculate weak particle occupation 
numbers of the different branches in Hardy's interfero- 
metric setup. Their initial state is combined state of the 
electron and positron after the annihilation point, i.e.: 

I*,) = ±[\0+)\NO-) + \N0+)\0-) + \NO+)\NO-)] 

(10) 

and their post-selected state corresponds to the simul- 
taneous firing of detectors and D~ : 

= ■^[\N0+) - \0+)][\N0-) - \0-)] (11) 

where \0^) and \N0^) correspond to path states in 
the ovc^rlapping and non-overlapping arms respectively, 
of the positron (-|-) and electron (-) interferometers. 

The weak values for single-particle occupation numbers 
turn out to be: 



D-{0) = 1 => C+(oo) = 1 



(7) 



respectively. But according to equation (1), in ^th of 
experiments the outcomes would indicate that: 



£»+(0)L»-(0) = 1 



(8) 



Hence, in these experiments there exists a contradic- 
tion, as there are no local quantities C^(oo) and D^{0) 
which can fulfill all these equations. 



III. WEAK MEASUREMENT INTERPRETATION 
OF HARDY'S PARADOX 

In a recent paper, Aharonov et al. [5] offer an inter- 
pretation of Hardy's paradox using weak values. Weak 
measurement was introduced in 1988 by Aharonov, Al- 
bert and Vaidman (AAV) and is a generalization of quan- 
tum mechanics to uncertain measurement pointers. Such 
pointers, combined with post-selection of a specific quan- 
tum state can give measurement results far outside the 
spectrum of eigenvalues. These values however are not 
just mere statistical errors, but are consistent and have a 
physical meaning. An often-quoted example is the weak 
localization of a particle inside a barrier (where it would 
never be found in a 'strong' measurement) which yields 
the correct value of negative kinetic energy [8]. Weak 
values are calculated using the expression 



(9) 



where A is the operator of the observable to be mea- 
sured weakly, is the initial state of the system and 
is the post-selected state. 



Nno., = 



and the two-particle occupation numbers are: 



(12) 



^^NO,Ow 

N+- 



= 1 
-1 



(13) 



where the last value is the most significant, as it points 
to the possibility of having weak negative particle occu- 
pation numbers. This is discussed in some detail in [5]. 

The aim of our work is propose an implementation of 
these weak measurements in order to clarify how these 
values arise, what their physical meaning is and how they 
interact to give a seemingly paradoxical outcome. 



IV. WEAK VALUES OF ARRIVAL TIME 

In earlier work [7] we introduced a setup for implement- 
ing weak values of the arrival times of single photons and 
pairs of entangled photons. In this setup, (Fig. 2) po- 
larization and arrival time are entangled, after which a 
particular polarization state is post-selected. Thus weak 
values of arrival time arise, which due to the entangle- 
ment between arrival time and polarization can be in- 
terpreted as pointer positions of a measurement device 
measuring polarization weakly. This effect is very closely 
related to the explanation of anomalous pulse delay given 
by Gisin et al. [9]. 
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FIG. 2. The photon, incident with polarization angle 6, is 
split into its horizontal (H) and vertical (V) polarization com- 
ponents at a polarizing beamsplitter (A). These then reach 
the second polarizing beamsplitter (B) at diflterent times with 
A.t — j: . Thus the arrival time has become entangled with the 
polarization which together with the post-selection achieved 
by the third polarizing beamsplitter (C), corresponds to a 
weak measurement. However, this is only the case if the un- 
certainty in arrival time is similar in size to e, the separation 
of the wavepackets. In other words, e ~ 4^^, where Au is 
the uncertainty in frequency. The basis of beamsplitter C is 
rotated by an angle (f). 



V. HARDY'S PARADOX WITH WEAK 
MEASUREMENTS 

In order to implement Hardy's original paradox [1] 
with photons we need to entangle two photons non- 
maximally in a state of the form: 



\^) = ^[\HH) + \HV) + \VH)] 



(14) 



This wc achieve by using a variant of entanglement 
swapping [10], which entangles two non- interacting pho- 
tons. Initially, two pairs of photons are created together, 
each pair being in the maximally entangled state 

l=i\HH) + \VV)) 

One member of each pair traverses a polarizing beam- 
splitter (which reflects the vertical polarization compo- 
nent and transmits the horizontal) before its path is com- 
bined - in a conventional beamsplitter - with the path of 
its counterpart from the other pair. A detector is placed 
behind one of the exits of this beamsplitter. If this de- 
tector fires, the initial state of the four photons 



1$) = ^[\HiH2)\H3Hi) + \ViV2)\H3Hi) 

+ \HiH2)\V3Vi) + \ViV2)\V3V4,)] 

is projected into: 



(15) 



- ■^{\H2H4) + \H2V4) + \V2H4)] (16) 



Note that for this to be successful the detector has 
to be unable to distinguish between the arrival of one 
and two photons. This is because the first term in (16) 
corresponds to the arrival of two photons, and the other 
two terms correspond to only one photon being detected. 
In addition any photons at the other output port of the 
conventional beamsplitter must not be detected in any 
case. 

We can now apply our weak measurement setup to 
photons 2 and 4. The complete setup is shown in Fig. 3. 




FIG. 3. Two pairs of maximally entangled photons are cre- 
ated simultaneously in the two sources marked with S. Of 
each pair, one photon is sent through a polarizing beamsplit- 
ter (A) and then reunited with its counterpart from the other 
pair, in a conventional beamsplitter (B). A detector (D') is 
placed behind one of the exits of this beamsplitter. If it fires, 
the photons to the right of the sources are projected into the 
desired state. (Note that in an actual experiment the two 
pairs would most likely originate from one LBO crystal.) The 
other two photons each traverse a copy of the weak measure- 
ment setup described in Fig. 2, with 9 = and 4> = —j- 
The detectors D both click in the case of a successful bipar- 
tite postselection. For the single particle measurements only 
the weak measurement setup in the path of the photon to be 
measured is used, and the other is omitted. 

For postselection we choose the same state as 
Aharonov et al. [5] , namely the one corresponding to a si- 
multaneous firing of the detectors in Hardy's original 
paradox: 

1*/) = ^[\H2H4) - \H2V4) - \V2H4) + \V2V4)] (17) 

This is achieved by setting the basis angles of the two 

post-selecting polarizing beamsplitters to (f> = —j. The 
weak measurement operator for combined measurement 
of both photons is given [7] by: 



il,j)\H2Hi){H2H4\ 
+{l,m2V,){H2V,\ 
+ie,j)\V2H,){V2H,\ 
+{e,e)\V2V,){V2V,\ 



(18) 



whereas the weak measurement operator for measure- 
ment of a single photon 2 is given [7] by: 
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^2.4 = [7|if2)(^?2| + e\V^){V2\] I4 (19) 

and similarly the operator for a single photon 4 is: 

Al'^ = I2 g) [-f\Hi){Hi\ + e\Vi){V4\] (20) 

where 7 and e are the delays in arrival time experienced 
by the photons for horizontal and vertical polarization re- 
spectively. (Note that 7 = in [7]). I2 and I4 are the 
identity operators for the Hilbert spaces of photons 2 and 
4 respectively. In the case of the combined measurement 
we have written the arrival times in form of a two- vector. 

Hence the weak values of the arrival times are as fol- 
lows: 

Only measuring photon 2: 



or A 



2,4 

cHV 



2 _ (^/l^^'^l^i) 

Similarly, for photon 4 only: 



,_{^j\A^^ 



(21) 



(22) 



In turn, the combined measurement of photons 2 and 
4 yields: 



,2,4_(*/l^?'1*i) 



(7,e) + (e,7)-(7,7) = (e,e) (23) 



These results correspond exactly to the weak values of 
the particle occupation numbers given by eqns. (12) and 
(13) following Aharonov et al. in [5]. However, in addi- 
tion to these values, eq. (23) reveals in a very straight- 
forward way how the three weak values (7, e), (e, 7) and 
— (7,7) - which correspond directly to the values in cq. 
(13) - combine to give the paradoxical result (e, e). It is 
paradoxical because (e, e) is the result corresponding to 
the combined polarization state IV2V4), which was pro- 
jected out. 

In other words, this setup shows how three unusual 

yet non-paradoxical pointer positions of the measurement 
apparatus form a superposition which corresponds to a 
paradoxical outcome of the measurement. 

In order to measure the three terms in cq. 23 sepa- 
rately, one would have to turn the operator given in eq. 



(7, e)|iJ2V4)(iJ2V4|. This can be done by in- 
serting two detectors, one between the first and second 
beamsplitters of each of the weak measurement setups - 
e.g. for ffH '^^'^ would insert them in both V chan- 
nels. Thus if neither of these click, the state is projected 



according to the operator A' 



2,4 

c,HH- 



VI. CONCLUSION 

We have proposed an experimental implementation of 
the analysis by Aharonov et al. [5] of the gedankenexper- 
imcnt known as Hardy's Paradox [1]. In this setup the 
arrival times of photons act as pointer positions for the 
weak measurement of polarization states. The weak val- 
ues predicted for the particle occupation numbers in [5] - 
including the extraordinary negative ones - appear in this 
setup. Moreover our implementation reveals how these 
pointer positions combine to give rise to the paradoxi- 
cal pointer position upon which Hardy's original paradox 
rests. 
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Studentship of Sidney Sussex College, Cambridge. 



18 into projectors such as A\ 



2,4 

c,HH 



{^,^)\H2Hi){H2Hi\ 



[1] L. Hardy, Phys. Rev. Lett. 68, 2981 (1992) 
[2] L. Hardy, Phys. Rev. Lett. 71, 1665 (1993) 
[3] J. R. Torgerson, D. Branuiug, C. H. Monken, and L. 

Mandel, Phys. Lett. A 204, 323 (1995) 
[4] G. Di Giuseppe, F. De Martini, and D. Boschi, Phys. 

Rev. A 56, 176 (1997) 
[5] Y. Aharonov, A. Botero, S. Poposcu, B. Reznik, and J. 

Tollaksen, Phys. Lett. A 301, 130 (2002) 
[6] Y. Aharonov, D. Z. Albert, and L. Vaidman, Phys. Rev. 

Lett. 60, 1351 (1988) 
[7] S. E. Ahnert and M. C. Payne Phys. Rev. A 69, 042103 

(2004) 

[8] Y. Aharonov, S. Popescu, D. Rohrlich, and Lev Vaidman, 

Phys. Rev. A 48, 4084 (1993) 
[9] N. Brunner, A. Acin, D. Collins, N. Gisin, and V. 

Scarani, Phys. Rev. Lett. 91, 180402 (2003) 
[10] J.-W. Pan, D. Bouwmeester, H. Weinfurter, and A. 

Zeilinger, Phys. Rev. Lett. 80, 3891 (1998) 



4 



